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There is a story about a king who was able to distinguish
between two different pieces of music only:

I THE ROYAL MARCH
I THE NON-ROYAL MARCH.
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An extreme case of a non-musical personality!
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Normally people behave differently and children often show an
early capacity of recognizing and repeating some simple songs
they have listened to.

Recognizing a musical theme is a cognitive operation that is
very similar to what happens when we recognize an abstract
concept, that may refer either to concrete or to ideal objects:

table, circle, beautiful,.....
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How are abstract concepts recognized and classified on the
basis of some previous experience?

According to a famous approach to psychology (the Gestalt
theory):

human perception and knowledge of objects is based on
our capacity of realizing a Gestalt (a form) of the objects in
question.
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When we recognize as a table a new object we have met in our
environment, we generally make a comparison between

I the main features of the new object;
I the table-Gestalt that we had constructed in our mind.
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Can such recognition-processes that are so natural for human
minds be simulated by a mathematical concept that might be
“taught” to an intelligent machine?

This question can be successfully investigated in the framework
of a

quantum approach to pattern recognition.
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Consider an agent (let us call her Alice) who is interested in a
given concept C.

The name Alice may denote either a human or an artificial
Intelligence.
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We suppose that Alice (on the basis of her previous
experience) has already recognized and classified a given set
of objects for which the question

“does the object under consideration verify the concept C?

can be reasonably asked.
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We assume that the possible answers to this question are:

I YES!
I NO!
I PERHAPS!
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While a human Alice may have seen the objects under
consideration, seeing is of course more problematic for an
artificial Alice.
Thus, generally, one shall make recourse to some theoretic
representation that describes the objects in question.

Such theoretic representations can be identified with
convenient mathematical objects that represent

object-states.
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The basic idea of a quantum approach to pattern
recognition

Representing object-states as

pieces of quantum information:

possible pure states of quantum systems that are storing
the information in question.
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In the mathematical formalism of quantum theory a pure state
of a given quantum system (say, an electron, an atom,...) is
represented as a particular vector living in a special abstract
space, called Hilbert space.

According to a successful notation introduced by Paul Dirac,
such vectors are usually indicated by

|ψ〉 , |ϕ〉 , |χ〉 . . .

A pure state |ψ〉 may be a superposition of other pure states
having the following form:

|ψ〉 =
∑

i

ci |ψi〉 ,

where ci are particular complex numbers.
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The physical interpretation of this mathematical notation

|ψ〉 =
∑

i

ci |ψi〉 :

a quantum object in the pure state |ψ〉 might verify the
properties that are certain for an object in the pure state
|ψi〉 with a probability-value that depends on the
“numerical partner” ci .
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From an intuitive point of view a superposition-state seems to
describe a kind of ambiguous cloud of possibilities:
a set of potential properties that are, in a sense, all
co-existent.
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The Quantum Skier
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We can now discuss in a quantum framework the problem:

how is a concept C recognized on the basis of a previous
experience?

Suppose that (at a given time) Alice is interested in the concept
C.
Her previous experience concerning C can be described by the
formal notion of quantum C-data set.
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Definition

A quantum C-data set is a sequence

CDS = ( St , St+, St−, St? ),

where:
1. St is a finite set of pure states |ψ〉 of a Hilbert space,

associated to C, for which the question “does the object
described by |ψ〉 verify the concept C?” can be reasonably
asked.

2. St+ is a subset of St , consisting of all states that have
been positively classified with respect to the concept C.
The elements of this set are called the positive instances
of the concept C.
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3. St− is a subset of CSt , consisting of all states that have
been negatively classified with respect to the concept C.
The elements of this set are called the negative
instances of the concept C.

4. St? is a (possibly empty) subset of CSt , consisting of all
states that have been considered problematic with
respect to C. The elements of this set are called the
indeterminate instances of the concept C.

6. The three sets St+, St−?, St? are pairwise disjoint.
Furthermore, St+ ∪ St− ∪ St? = St .
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Suppose that at a later time Alice “meets” a new object
described by the object-state |ϕ〉.

Alice shall apply a rule that allows her to answer the question

“Does |ϕ〉 verify the concept C?

And this answer shall be based on her previous knowledge that
is represented by her quantum C-data set

CDS = (St , St+, St−, St? ).
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A winning strategy is based on the use of two special concepts:

I the quantum positive centroid
I the quantum negative centroid

of a given quantum C-data set

CDS = (St , St+, St−, CSt? ).
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(1) The quantum positive centroid of CDS is defined as a
convenient superposition of the positive instances of
CDS.

(2) The quantum negative centroid of CDS is defined as a
convenient superposition of the negative instances of
CDS.
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The concept of quantum positive centroid seems to
represent a “good” mathematical simulation for the intuitive idea
of Gestalt.

Both the quantum positive centroid and the intuitive idea of
Gestalt describe an imaginary object, representing a vague,
ambiguous idea that Alice has obtained as an abstraction from
the “real” examples she has met in her previous experience.
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Human recognitions and classifications are usually
performed by means of a quick and mostly unconscious
comparison between the main features of some new objects
we have met and a gestaltic pattern that we had previously
constructed in our mind.
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In our quantum approach we can simulate this human behavior
by referring to a convenient class of

quantum similarity relations.

Once chosen an element from this class, Alice has at her
disposal the mathematical tools that allow her to face

the classification problem.
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Suppose that Alice’s information about a concept C is the
quantum C-data set

CDS = (St , St+, St−, St? ).
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We shall define a

classifier function,

that assigns to every state |ϕ〉 (which describes an object that
Alice may meet)

I either the value + (corresponding to the answer “YES!)
I or the value − (corresponding to the answer “NO!)
I or the value ? (corresponding to the answer

“PERHAPS!)
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Definition

The classifier function (determined by the quantum data set
CDS) is the function Cl that satisfies the following condition for
any state |ϕ〉 of the space CH:

Cl(|ϕ〉) =



+, if |ϕ〉 is similar to the positive centroid and
is not similar to the negative centroid;

−, if |ϕ〉 is similar to the negative centroid and
is not similar to the positive centroid;

?, otherwise.
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Although recognition procedures are different for human
and for artificial intelligences, there is a common method
of “facing the problems” that seems to work in both cases.
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Recognitions of musical themes

can be formally dealt with as

recognitions of concepts,

in the framework of a special form of semantics called

quantum musical semantics.
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Any musical composition (a sonata, a symphony,...) can be
described as consisting of three basic components:

1. A score: a syntactical object consisting of systems of
signs.

2. A set of performances: physical events occurring in space
and time.

3. A set of musical ideas (or musical thoughts).
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Musical ideas are more “mysterious” elements that underlie
and determine a given performance.

This the world where normally live composers and also
conductors, who are accustomed to study scores without any
help of a material instrument.
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The basic assumption of the quantum musical semantics:

musical ideas can be formally described as

pieces of quantum information.
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Thus, following the quantum formalism, a musical idea can be
represented (in a non-unique way) as

a quantum superposition of other musical ideas.

|µ〉 =
∑

i

ci |µi〉 .

This means that the musical idea |µ〉 alludes to the ideas |µi〉
that are, in a sense, all co-existent.
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In the framework of the quantum musical semantics

interpreting a score

means

associating to every musical phrase written in the score a
meaning represented by a particular musical idea.
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And as happens in quantum theory,

musical meanings

behave in a holistic and contextual way.

The meaning of a global phrase determines

the contextual meanings

of all its well formed parts and, generally, not the other way
around!
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A famous example

The “Ode to Joy”

An die Freude

in the last movement of Beethoven’s Ninth Symphony.

As is well known, An die Freude is first sung by the baritone
solo.
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Let us briefly indicate this fragment of the symphony’s score by

PhraseFreude
B .

Different interpretations, which may depend on different
choices of the conductor and of the baritone, will associate to
this phrase different musical ideas.
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Accordingly, any interpretation gives rise to a map

PhraseFreude
B 7→

∣∣∣µFreude
B

〉
.

The phrase PhraseFreude
B (which is a syntactical object) is

transformed into a meaning represented by the musical idea∣∣∣µFreude
B

〉
.
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How are

Musical Themes

represented in this semantics?
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A musical theme is a more abstract concept that cannot be
simply identified with a particular musical idea that interprets a
given musical phrase.
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If |µ〉 is a musical idea, the musical theme expressed by |µ〉
can be described as

an invariant with respect to timbre and
pitch-transformations.
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Thus, generally, a monodic musical theme can be
represented as

a sequence of melodic intervals embedded in a particular
rhythmic structure.

While a polyphonic theme can be described as a convenient
system of monodic musical themes.
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In music recognitions usually concern

musical themes,

which can be regarded as playing the same role that, in a
different situation, is played by

concepts.
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As we have done in the case of concepts, given a musical
theme T , we can introduce the notion of

quantum musical T -data set

TMDS = (MI, MI+, MI−, MI?),

based on a finite set MI of musical ideas.
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Suppose that T is the Freude-theme.

A quantum musical T -data set might represent the
information that our agent Alice has about the Freude-theme at
a given time.
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Suppose that at a later time Alice listens to the performance of
a melody described by the musical idea |ν〉 and asks herself:

“does |ν〉 express the Freude-theme?”

She can apply the same procedure used for concepts, by
comparing |ν〉 with the positive centroid of her

Freude-quantum musical data set.
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We know that any comparison implies the use of a convenient

similarity relation.

But musical similarities are generally more complex and even
more subjective notions with respect to the similarity relations
that are defined in quantum theory by means of rigorous
mathematical definitions.
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Musicians and musicologists use to distinguish different kinds
of similariity:

I melodic
I rhythmic
I harmonic
I timbric

And in many cases it may be interesting to consider either a
logical conjunction or a logical disjunction of different kinds
of musical similarity.
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But once chosen a particular

similarity relation

Alice can act like in the case of concepts and apply a
convenient

musical classifier.
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Theme-recognitions play a very important role in a special
musical form that has crossed the history of music:

The Theme and Variation Form.
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In this case what is called

The Theme

of a given composition is a particular musical phrase written at
the beginning of the score and normally divided into two parts.

The Theme is then followed by a given number n of

Variations.
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Thus, every interpretation of the composition will give rise to a
sequence of musical ideas:

(|µ0〉 , |µ1〉 , . . . , |µn〉),

where |µ0〉 interprets the Theme, while |µ1〉 , . . . , |µn〉 interpret
the Variations.
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By a convenient abstraction from the theme-phrase and from
its musical interpretation |µ0〉, one can obtain an abstract
theme T , which behaves like a kind of “ghost”, appearing and
disappearing in the different variations, sometimes very clearly,
sometimes in a hidden and mysterious way.

Just this appearing and disappearing of the abstract theme
creates the special fascination that characterizes compositions
in the Theme and Variation Form.
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A famous example

The Fourth Movement of Schubert’s Forellenquintett.

M. Dalla Chiara, R. Giuntini and E. Negri Recognizing Concepts and Musical Themes. A Quantum Approach to Pattern Recognition



In this case we shall take into account also another “ghost” that
plays an important role: the Lied

Die Forelle,

composed by Schubert two years before the quintet.

M. Dalla Chiara, R. Giuntini and E. Negri Recognizing Concepts and Musical Themes. A Quantum Approach to Pattern Recognition



 

Die Forelle
Op. 32

Franz Schubert (1798-1828)Christian Friedrich Daniel Schubart (1739-1791)
Etwas lebhaft.
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This wonderful Lied is characterized by an intriguing
entanglement of

poetic and musical metaphors,

The story of die Forelle has sometimes been interpreted as an
allusion to a dramatic destiny of a young woman.
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An important musical metaphor is represented by the
acephalous sextuplets, played by the piano, that clearly evoke
the darting of our Forelle, that tries to escape the fisherman’s
menace.
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At the end of the Lied a kind of “miracle” happens.
Die Forelle is dead, however her darting seems tu survive. The
piano goes on playing the sextuplets without any ritardando.
This might suggest the illusion of a “platonic idea” that is still
alive, although separated from its original matter.
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Strangely enough, these characteristic sextuplets only appear
at the end of the quintet’s movement, in the final Allegretto,
where the incipit of the Lied is faithfully reproposed.

The basic theme is instead a rhythmic dotted variant of what
is sung by the voice at the very beginning of the Lied.
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It is interesting to compare the basic theme with the fifth
variation (played by the cello).
While the basic theme has a bright and joyful character, the
fifth variation suggests a melancholic feeling.

In spite of the musical differences, one can naturally sing the
incipit of the first stanza of the Lied following the melodic line of
the first eight bars of the cello-variation.
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The memory of the Lied is somehow preserved almost in all
variations, although with different semantic connotations.
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An intriguing general question that can be asked about any
composition in the Theme and Variation Form:

is it possible to recognize a “deepest” musical thought that
underlies both the basic theme |µ0〉 and all variations |µi〉?
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A “quantum temptation” might suggest to make recourse again
to the concept of quantum superposition.

We might consider a kind of “superior superposition” of the
basic theme and of all variations:

|M〉 = c0 |µ0〉 + c1 |µ1〉 + . . . + cn |µn〉 .
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Of course one is dealing with a highly abstract musical idea that
cannot be either written in a score or performed.

However, it is not strange to suppose that the composer himself
has been somehow inspired by a vague musical thought of
this kind:
an ambiguous musical Gestalt that potentially refers to the
whole structure of the composition.
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Adopting a quantum approach to pattern recognition allows us
to obtain some natural simulations for artificial intelligences of
the intrinsic

vagueness and ambiguity

that characterize many human cognitive behaviors.
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