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ABSTRACT

Over the recent decades, a variety of indices, such as the fractal dimension, Hurst exponent, or Betti numbers, have been used to characterize
structural or topological properties of art via a singular parameter, which could then help to classify artworks. A single fractal dimension,
in particular, has been commonly interpreted as characteristic of the entire image, such as an abstract painting, whether binary, gray-scale,
or in color, and whether self-similar or not. There is now ample evidence, however, that fractal exponents obtained using the standard
box-counting are strongly dependent on the details of the method adopted, and on fitting straight lines to the entire scaling plots, which
are typically nonlinear. Here, we propose a more discriminating approach with the aim of obtaining robust scaling plots and extracting
relevant information encoded in them without any fitting routines. To this goal, we carefully average over all possible grid locations at each
scale, rendering scaling plots independent of any particular choice of grids and, crucially, of the orientation of images. We then calculate the
derivatives of the scaling plots, so that an image is described by a continuous function, its fractal contour, rather than a single scaling exponent
valid over a limited range of scales. We test this method on synthetic examples, ordered and random, then on images of algorithmically defined
fractals, and finally, examine selected abstract paintings and prints by acknowledged masters of modern art.
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A fractal dimension has become one of the standard measures of | INTRODUCTION

statistical properties of images, including art. It has been pro ‘The quest to characterize and classify art has a long history.
posed as a criterion for classifying art according to its style or  paap the first systematic attempt was undertaken by Giorgio
epoch, as an indicator of its aesthetic appeal, and even as a tool  yycyri- appraisals, and f painters,
for authenticating paintings. However, reliably assigning a sin- cylptors, and architects of the Renaissance continue to impact art
gle such dimension to images requires linear scaling plots. Here,  higtory. Close o five centuries later, perception of visual artworks,
using both simple “synthetic” patterns and digital reproductions  hether figurative, abstract, or escaping such facile categories,
of artworks, we show that scaling plots are often distinctly non-  remains highly subjective and difficult to quantify. Arguably, art
linear, and thus, assigning a single fractal index to them may be  depends on some elusive quality; as Degas noted, a painting requires
problematic. Moreover, these plots contain a wealth of informa- g littfe mystery. Even so, the advent of modern computational tech-

tion about images, which is ignored when linear fits are used.
This information can be reliably uncovered through their fractal
contours, which account for varying slopes of scaling curves. We
illustrate the value of such analyses on selected black and white
paintings and prints, and interpret the fractal contours of these
artworks. The method can be extended to gray-scale and color
images, and thus applied to any image, whether a photograph, an
artwork, or a medical scan.

niques for analyzing images has encouraged an increasing number
of scientists to look for measurable attributes of artworks, which
could explain their visual appeal, help decode their significance, or
lead to an objective classification scheme.

A variety of new methods have been recently developed and
perfected for measuring scaling and statistical properties of images,
and these have been applied o art, primarily in two dimensions
such as paintings, photographs, and numerically generated images.
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Fractal (Mandelbrot 1983)

...fractals (fractus = broken) are geometrical
objects characterized by:

-

\_

I. Fine structure:

II. Self-similarity: exact or statistical

III. Non-Euclidean geometry: a non-integer dimension

called fractal dimension

\

new detail at any magnification

)

All “real” fractals — including all images —
are finite (lack infinitely small detail) ...

Only mathematical constructs can be exact fractals!



“Classic” Fractals
Cantor Set (the first fractal, 1863)
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Standard “box counting”

Fractal dimension of (real) images

For (digital) images, fractal dimension D
is given — in principle — by the slope of the
log-log scaling plot of the number of filled
grid boxes at scale €, N (¢€), vs €.

= il ## |  For an ideal (mathematical)
r=128 N= 27 r=64, H= 90 r=92. M= %15 . . log N(E)
fractal, the plot is a straight | D =
line and its dimension is: log(1/€)
~ I Notes
= = 1. One can apply this technique to analyze any image
i (fractal or not) using grids and counting filled boxes.

€

2. If the image is an (approximate) fractal, the log-log plot
log-log plot will be — approximately — straight line of slope D.

3. However, log-log axes flatten any function, so almost
all scaling plots appear linear... but are not!



Standard box counting

& some caveats...

Standard analyses focus on a single index, the fractal
dimension, based on linear fits to scaling plots. But scaling
curves may only appear linear on log-log plots.

Linear fits at best approximate scaling plots over limied
range of scales. But scaling behavior of images varies
continuously over the entrie range of scales.

Standard box counts do not correct for grid boxes partly
outside 1mage boundary. But this results in overcounting
boxes and clearly inadequate results.

In the standard approach, only one grid 1s placed on the image
and then subdivided for finer scales. But grid location alters
the resulting counts making the analysis unreliable.

Standard box counting gives different results when the
image is reoriented. But the fractal index should uniquely
characterize the image no matter its orientation.



New Scaling Analysis

Guiding considerations

1. Scaling plots cannot depend on the details of grids.

2. Scaling plots cannot depend on image orientation.
3. Grid boxes at the boundaries must not be overcounted.
4. Scaling plots must cover full range of scales.

5. Scaling plots must be smoooth (dense in scales).

PROCEDURE

A. Box-counts are averaged over all possible locations
grid locations at each scale.

B. Grid-boxes at boundaries are counted fractionally,
proportionally to the area within the image.

C. Assingle fractal index is replaced by the Fractal Countour,
a function — the derivative of the scaling plot.



Notes on the algorithm

1. Atypical, high-res image may have n x m pixels, n, m ~ 103
To speed up run-time, we use the clever Viola & Jones algorithm.

2. For simplicity, we select a fixed number of scales €, usually 100
uniformly distributed in the log-space of interval 3 < € < €,,,4.

3. The algorithm enables a smooth scaling plot, 1.e. log-log plot
of log N(e) versus log(1/€) which can be differentiated.

4. Due to averaging over all grid positions at each scale €, box counts
and thus scaling plots, are independent of the image orientation.

5. The derivative function of the scaling plot — its Fractal Contour —
1s uniquely determined and provides a function accounting
for the scale-dependent fractal index.



Synthetic Examples - Ordered

Example 1 (Quasi 1D)
Parallel lines of varied width w and separation d = 60
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Synthetic Examples - Ordered

Example 1 (Quasi 1D)

Parallel lines of varied separation d and width w = 30
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Synthetic Examples - Ordered

Example 2 (2D)
Regular arrays of N = 900 squares of side a

N =900 and a = 24

0.5 1

Fractal Index

= = N

o " o

L 1 L

\ :

* -

o :

n » ® :
ke
L3 o

- »
[
» L ]
> 9
an o
L L3 :
'ﬁ"
N ot o

001 . ot ik == a@= 0
b —~— a=12 |4
ol —~— a=18
—0.5 - : “ —=— a=24
S . . — L5
10! 102

Scale (in pixels)

log(Box-Count)

Scaling plots (blue) and fractal contours (black) for arraays
of N =900 squares.

11



Synthetic Examples - Ordered

Example 3 (2D)
Regular checkerboard of N squares of side a
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rows (columns) of squares (d = 68.4,60.6, 52.7, 44.9, 37.1).



Synthetic Examples - Random

Example 4 (2D)

Random distribution of N squares of side a
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Abstract Art

[. Donald Judd (1928 - 1994)
Untitled 2L, woodcut print
(1969, MoMa)
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Abstract Art

II. Frank Stella (1936 - 2024)
Marrakech .,
(1964, Metropolitan Museum of Art, NYC)
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III. Ellsowrth Kelly (1923 - 2015)
The Meschers

segmented image (blue)

Abstract Art

(1951, MoMA, NYC)
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Abstract Art

IV. Piet Mondrian (1872 - 1944)

Composition in Line

(1917, Kroller-Miiller Museum )
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Abstract Art

V. Jackson Pollock (1912 - 1956)
Number 32
(1950, Kunstsammlung Nordrhein-Westfalen)




Abstract Art

V. Jackson Pollock (1912 - 1956)
Number 32
(1950, Kunstsammlung Nordrhein-Westfalen)
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Gray-scale (& color) Images

The standard method for obtaining (a single) fractal dimension
D for gray-scale images involves a cumbersome procedure
(three-dimensional grids)... and still relies on fitting straight
lines to nonlinear data...

Extension of the new approach

Fractal contours, can be obtained for three (and more) color
images 1n a simpler way — by associating a “color vector” with
every pixel location.

The Viola-Jones algorithm for speeding computation can be
extended to gray-scale images (in a straight-forward way).

Computation time grows linearly with every added gray-scale
shade. Adding full colors would triple the time required.

20



Synthetic Examples — 3C

Example 1 (Quasi 1D)
Parallel lines of varied width w.
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Synthetic Examples — 3C

Example 2 (2D)
An array of squares: alternating between black and gray.

N = 1764 and a= 38
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transitions correspond to shortest distances between squares of the

same color.
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Synthetic Examples — 3C

Example 3 (2D)
An array of squares: all black and randomly
colored black or gray.
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Abstract Art — 3C

VI. Julian Lethbridge (1947 -)
Hop-and-skip
(2023, MoMA)

segmented image 24



Abstract Art — 3C

VI. Julian Lethbridge (1947 -)
Hop-and-skip

(2023, MOMA)
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Two abstract styles compared

Jackson Pollock

Julian Lethbridge
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... and one more!

Piet Mondrian
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Key Points

Reliable “box counting” requires averaging over all possible
grid locations at each scale to render the result grid-independent,
and also independent of image orientation.

Scaling plots may “appear” linear on log-log plots, but have
in general non-linear character. Even (finite) images of real,
mathematical fractals have varying slopes.

When constructed with care (and with sufficient density of points)
scaling plots can be differentiated to provide Fractal Contours
— a sensitive tool for recognizing, analyzing, and classifying images.

By contrast to a single fractal dimension, which can only be
valid approximately and only over a limited range of scales,
Fractal Contours provide a wealth of information about images.

All Fractal Contours for images asymptote to 2 at large scales.
The minima correspond to (average) sizes of spaces between

distinctive parts of the pattern.
28



Concluding Remarks

1. Fractal contours can be used to analyze any high resolution
gray-scale (and soon color) image, whether fractal or not.

2. Many aspects of Fractal Contours, e.g. their varying curvatures,
remain unexplored, especially for gray-scale images.

3. Fractal contours may find applications in comparative studies
of images — for physical phenomena, medical scans, & art.

Yet... for aesthetic experience, it may be altogether sufficient to
appreciate art without scrutinizing its mathematical properties. ..

...what you see is what you see.
Frank Stella

Thank You! (1936-2024)

Danke schon!
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