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What is Complexity?

At the beginning of 21s' century we have understood
that:

- Complexity, is a property of large systems, consisting
of a huge number of units, but also of small systems,
involving very few nonlinearly interacting agents, which
exhibit incredibly complex behavior.

- New structures emerge out of non-equilibrium and
order arises out of chaos, following a process called
self -organization. Complex systems in the Natural, Life
and Social Sciences analyze new shapes, patterns and
forms that cannot be understood by studying only their
individual parts.



Mathematics has already been quite helpful:

* The Theory of Chaos explores the unpredictable time evolution
of nonlinear dynamical systems like the weather, the electro-
cardiogram and encephalogram, mechanical, chemical and electrical
oscillations, seismic activity and even stock market fluctuations.

+ The Geometry of Fractals analyzes the complex spatial structure
of trees and rocks, the dendritic shape of the bronchial "tree” in
the lungs, the cardiac muscle network and the blood circulatory
system.

Above everything else, however, we have learned the importance
of building appropriate mathematical models that: (a) reproduce
the main features of a complex system and (b) provide invaluable
insight in revealing some of its fundamental properties.



Some of the main questions we face today in what is
called Complexity Science are:

How do we use Mathematics to observe, measure and
understand complex phenomena in the Natural, Life and
Social Sciences?

How do we discover universal principles and laws expressed
by mathematical formulas and physical concepts to
understand atoms, molecules, cells, trees, forests, living
organisms and ultimately society?

How can we use our perception and intuition to construct
suitable mathematical models that will help us analyze,
predict and control some of the remarkably complex
phenomena we observe around us?
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What do you observe about the “"geometry” of this leaf?




What are the reasons
for the complexity of
a coral (left) or a

sponge (below)?



Can we understand it by building a model? Two great
mathematicians gave us such models more than 100
years ago....

Giuseppe Peano (1858-1932) David Hilbert (1862-1943)



Hilbert showed how we can construct a curve that
fully covers a plane! Here are the first steps...
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Where does Hilbert's curve “live”?

In one or two space dimensions?

Can we use it to go from two to three dimensions?



Here is one way to do it.....
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And if you don't like all these corners, give it to a friend
who knows about computer graphics...






What did you observe in the previous models?

Did you notice a similarity between the initial figure and

its copies that appear in smaller and smaller scales?

This property is called
"self- similarity under scaling” and is one of the
important “"keys” for unraveling some of the
mysteries of the complexity of Nature..

Does nature use it perhaps to fit large size objects
in very limited spaces?



How could we take advantage of this self-
similarity under scaling, to understand the

complex structures we see around us?

Let us take, as an example, the simple model
infroduced by another great Mathematician:
Georg Cantor (1845-1918)



What is left, after removing all subintervals of length
(1/3), v=1,2,3,... from the interval [0,1] ?
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What is left in the end?

Unbelievable: An infinite set of points that lives in a
world of Dimension O< D = 0.63...< 1 Il



And, what happens if, instead of

g removing pieces of smaller and
fpa n=1

smaller scale, (1/3)", v=12,3,....

>

we add them, creating
thus a mathematical.."coastline”, of

Bijpa n=2 greater and greater complexity?

o We get the famous Koch curve
of infinite length which “lives”in a
world of dimension D = 1.26,

greater than 1 but smaller than 2!

Brjpa n=4



And if we removed triangular pieces of side length r= (1/2)", v=1,2,3....

from a big triangle, what would we get in the end?

@ ® W ®

An object called the Sierpinski “"gasket”, which also "lives” in a world

between 1 and 2 dimensions, like the Koch curve, but it is “denser”,

since its dimension is D = 1.56.....



All these objects, which are characterized by «self - similarity
under scaling» and generally have non integer dimension

are called FRACTALS.

To understand them we need a new kind of Geometry called
Fractal Geometry, as Benoit Mandelbrot first introduced it in his

famous book “"The Fractal Geometry of Nature”, in the late 1970's.....



How do we calculate dimensions:

Let us divide the space in which our object is embedded into "boxes’
of side A and count the number of “"boxes” N(A), which contain at
least one point of the object.
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The dimension of our object is the unique exponent D, for
which the “measure” of our set M = N(A)A" is finite, i.e

log N(ﬂ/) Ld (d o L3 o L3
D =
Tog(1/ A) in the limit A 20 and N(A) > infinity.




Fractals and Chaos:

From Geometry to Dynamics!

Chaos is complexity in time, or, in other
words, the extremely sensitive dependence
of the motion of a dynamical system on the
choice of initial conditions!

The first one who studied it seriously was
the French Mathematician Henri Poincaré
(1854 - 1912) shown here on the right.




Chaos in a population of rabbits!

Consider an environment that has a fixed amount of food, that
is constantly renewed and can support up to N rabbits. Call
x,=N,/N the percentage of those that survive in this

environment at the nth generation, n = 0, 1,2,3,...

We anow assume that the evolution of the rabbits from
one generation to the next is given by the equation

X, =rx(l-x)=g(rx) n=012..

where r is a positive parameter, O < r < 4. The first term
on the right represents the birth rate of the rabbits and
the second their deaths, due to competition for food. How
will the rabbit population evolve in time?

It all depends on the value of r (how fast rabbits multiply), as
the following picture shows...
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The concept of a bifurcation
is very general in nature.
If we introduce
cockroaches in a dish with
two identical shelters, they
will first visit each shelter in
equal percentages, but
suddenly, when the shelters'’
capacity is such that they can
fit in one box, they all choose
to visit only one of the two
shelters (right or left)...
All this can be modelled by a
very simple system of coupled
nonlinear ordinary differential
equations:
..through a pitchfork
bifurcation!

Fraction of individuals
under shelter 1, x I/N
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where 4, ©, p are parameters and X; + X, + X, = N, X,
is the population outside the shelters and S is the
carrying capacity of each shelter. Note that this “"phase
transition” occurs, without any apparent communication
between the cockroaches!

Results are taken from:

J.-M. Amé, J. Halloy, C. Rivault, C. Detrain, and J.-L. Deneubourg,
Collegial decision making based on social amplification leads to optimal
group formation, PNAS 103 (2006) 5835.



Chaos in 3 simple equations which
describe the motion of warm air
over a lake was discovered by the
American Meteorologist Edward
Lorenz, who solved them on his

computer in 1963...

His results led him to his famous
statement that «a butterfly
flapping its wings in Peking could

start a tornedo in Texas...»



dx/dt =oc(y—x)
dy/dt=px—y—xz
dz /dt =—bz + xy
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Chaos in the weather! The
solutions of Lorenz's equations
(for some choices of o, p and b)
produce a fractal attractor in
X,Y.Z space, as they revolve
chaotically around two unstable
equilibrium points.

Since this pattern attracts all
solutions of the equations, this

figure is called a "strange

attractor”. Its dimension is D= 2.07..
Can you see why?



ractal representations of Nature:

at does a Mathematician first notice
in a tree?



Could there be a kind of self-
similarity in the way two of its
branches bifurcate out of a
bigger branch so that they are
smaller by a scaling factor (1/2)?

Observe that if, besides shortening
the branches at every bifurcation,
we also apply a transformation of
rotation, e.g. by 45°, we find...

Why not take advantage of this
observation to construct a
simple mathematical model that
would describe this type of
complexity?




Could we build realistic models of trees and plants, if we
follow a self-similar construction of patterns at smaller and
smaller scales?

One answer is revealed by the theory
of Iterated Function Systems,
infroduced by the American
Mathematician Michael Barnsley, in the
1980's..

Barnsley proved that a sequence of
contracting transformations applied to
an original shape always leads to the
same limit form no matter what the
initial shape is.

In other words, what matters is the
contracting transformations and not the
shapes we start with....
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For example,
starting with
placing squares
at the vertices
of equilateral
triangles and
contracting
each square's
sides by 3,
what shape do
we end up
with?

..A Serpinsky
gasket!
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Let us use, for example, 4
such transformations, to
construct the leaf of a fern
plant, with infinitely many

smaller leaves on it:

Start with rectangle 1 for
the main leaf, 2 and 3 for

the two secondary leaves on its
sides and 4 for its very thin
stem,....

Now observe what happens
after many iterations of this

process...



Isn't it remarkable?

We can now start to
imitate Mother
Nature by drawing
pictures of real -
looking plants and
bushes, like
Barnsley's fern
shown here......



Complex Problems in Physiology:

1) Differential equation models can be used to study
electrical wave propagation on the myocardium
(cardiac muscle fiber).

2) Synchronization approach to neuro-physiological
signal analysis. New directions in Brain Computer
Interface (BCI) research.

3) Complex Networks are used to study from brain
dynamics (epilepsy, Alzheimer’'s) to automatic vehicle
driving in real life trafficl



Discovery of synchronization

Mutual synchronization of pendulum
clocks

Original drawing of Christiaan Huygens
illustrating his observation of pendulum clocks
synchronization.

In early 1665, Huygens discovered "..an
odd kind of sympathy perceived by him in
these watches [two pendulum clocks]
suspended by the side of each other."




Emergent behavior of coupled
oscillators: Synchronization




Brain areas engaged in Paced Finger Tapping

Several sites are strongly activated
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Network connectivity

Interaction strength Directionality

Dark blue lines correspond to (18t minute) and light blue belong
to internal pacing (2" minute).

PMC - left premotor cortex

SMC - left sensorimotor cortex

SAC - left secondary auditory cortex
| C —left cerebelliim



Conclusions
The science of Complexity:

> Offers a unifying methodology for looking at
Nature and Ll>1l‘efq I J

> Familiarizes us with Mathematics, which is the
common “language” between sciences.

» Provides new theoretical concepts, models and

experimental techniques to study complex
phenomena.

> Encourages students to participate in the learning
ﬁr'ocess, excites their curiosity and imagination and

elps them appreciate the interconnection between
all sciences.
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